We study the thermodynamics of D-dimensional Born-Infeld AdS black holes in the extended phase space. We find that the usual small-large black hole phase transition, which exhibits analogy with the Van de Waals liquid-gas system holds in all dimensions greater than three. However, different from the four-dimensional case, in the system of higher dimensional Born-Infeld AdS black holes there is no reentrant phase transition. For the three-dimensional Born-Infeld AS black hole, there does not exist critical phenomena.
black holes [6, 7] , where it was found that a first order small black hole and big black hole phase transition is allowed which is superficially analogous to a liquid-gas phase transition of the Van der Waals fluid. This superficial reminiscence was also observed in other AdS backgrounds [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
Recently the study of thermodynamics in AdS black holes has been generalized to the extended phase space, where the cosmological constant is identified with thermodynamic pressure and its variations are included in the first law of black hole thermodynamics [21] [22] [23] [24] [25] . Including the variable cosmological constant in the first law was motivated by the geometric derivations of the Smarr formula [26] . In so doing the AdS black hole mass is identified with enthalpy and there exists a natural conjugate thermodynamic volume to the cosmological constant. In the extended phase space with cosmological constant and volume as thermodynamic variables, it was interestingly found that the system admits a more direct and precise coincidence between the first order small-large black hole phase transition and the liquid-gas change of phase occurring in fluids [27] . Considering the extended phase space, and hence treating the cosmological constant as a dynamical quantity, is a very interesting theoretical idea in disclosing possible phase transitions in AdS black holes [28] .
More discussions in this direction can be found as well in [29] [30] [31] [32] [33] [34] [35] [36] [37] .
Generalizing the discussion of the extended phase space thermodynamics to higher dimensional singly spinning AdS black holes, it was uncovered that besides the usual small-large black hole phase transitions, there exists a new phenomenon of reentrant phase transitions for all d ≥ 6 dimensions, in which a monotonic variation of the temperature yields two phase transitions from large to small and back to large black holes [38] . This new reentrant phase transition was also observed in the multi-spinning D = 6 Kerr-anti-de Sitter black hole with fixed angular momenta J 1 and J 2 [39] . It was argued in [38, 39] that the new phase structure in the thermodynamics of rotating black holes resembles to binary fluids seen in superfluidity and superconductivity. In addition to including the rotation, especially in higher dimensions where one has more rotation parameters, which can make the phase transitions more interesting, the impact of possible nonlinear electrodynamics extensions of RN-AdS black hole on the extended phase space has also been examined. But this study was restricted in the four-dimensional Born-Infeld AdS black holes [28] .
To be consistent with the corresponding Smarr relation [27] , it was argued that further extension of the phase space is needed by including the variation of the maximal field strength b in the first law of thermodynamics. The thermodynamic quantity conjugate to the Born-Infeld parameter b is called Born-Infeld vacuum polarization. In four-dimensional Born-Infeld AdS black holes [28] , it was found that the impact of the nonlinearity can bring the new phenomenon of reentrant phase transition which was observed in rotating AdS holes [38, 39] .
It is interesting to generalize the discussion of the impact of non-linear electrodynamics on the extended phase space thermodynamics to other spacetime dimensions and examine whether the phase structures observed in four-dimensional Born-Infeld AdS black holes are general. This is the motivation of the present paper. We will show that the four-dimensional Born-Infeld AdS black hole is very special. When the spacetime dimension is greater than four, there only exists usual small-large black hole phase transition but no new reentrant phase transition. In addition, in three dimensional Born-Infeld AdS black holes, we cannot find any critical phenomena. Without loss of generality, we will discuss the D-dimensional Born-Infeld AdS black holes with different topologies, such as Ricci flat, hyperbolic or spherical hyper-surfaces. This paper is organized as follows. In Sec. II, we will discuss the solutions of D-dimensional Born-Infeld AdS black holes. In Sec. III, we will investigate the phase transitions of D-dimensional Born-Infeld AdS black holes. We will summarize our results in Sec. IV.
II. SOLUTIONS OF D-DIMENSIONAL BORN-INFELD ADS BLACK HOLES
The action of Einstein gravity in the presence of Born-Infeld field reads [20] 
where
is the negative cosmological constant, b is the Born-Infeld parameter and
In the limit b → ∞, it reduces to the standard Maxwell field L(
We assume the non-rotating metric in the form
where the coordinates are labeled as
2)-dimensional hypersurface with constant scalar curvature (D − 2)(D − 3)k. The constant k characterizes the topology which can be k = 0 (flat), k = −1 (negative curvature) and k = 1 (positive curvature). The solution is given by [40, 41] 
where m and q are related to the mass M and charge Q of black holes as
Here Σ k represents the volume of constant curvature hypersurface described by h ij dx i dx j . The electromagnetic potential difference (Φ) between the horizon and infinity is
In terms of the horizon radius r + , the ADM mass M of the Born-Infeld AdS black holes is
The Hawking temperature and entropy of the Born-Infeld AdS black holes are
From the temperature expression, we can derive the condition to accommodate the extremal black holes with T = 0. For D = 4, the vanishing of T requires
which leads two possible solutions of the horizon radius for the extremal black holes
For the spherical case with k = 1, one can see that the solution with " − " sign in front of the square root is always unphysically negative. For the solution with plus sign in front of the square root, when bQ ≥ 1/2 it is real; when 0 < bQ < 1/2 this solution is imaginary. This shows that for k = 1, only when bQ ≥ 1/2, it is possible to have two horizon enveloping the central singularity and these two horizon degenerate for the extreme case with T = 0 for the black hole. When 0 < bQ < 1/2, the black hole can never become extreme. For the hyperbolic topology k = −1, although the solution of r 2 ext with " − " sign in front of the square root is unphysically negative, r 2 ext with " + " sign in front of the square root is always real and positive no matter what value of bQ we take, since 1 +
the Born-Infeld AdS black hole exists for all values of bQ and this black hole can become extreme to allow T = 0. For the black hole with flat topology k = 0, there exists one real positive root When the spacetime dimension is higher than four, to accommodate T = 0, we require
For the black hole with flat topology, there always exists one real positive root r ext =
and positive mass parameter m of extremal higher dimensional black hole to ensure T = 0, which is same as the case in four dimensional spacetimes.
However, it is difficult to obtain the analytic solution of this equation for the cases of k = 1 and To see more closely of the behaviors of the Born-Infeld AdS black hole, we examine the function f (r). The black hole possesses a singularity at r = 0, which can be a naked singularity or enveloped by one, or two horizons, depending on the values of the parameters. The expansion of the function f (r) around r = 0 takes the form [41] 
For D = 4, Eq. (14) can be simplified as [8, 42] 
For the spherical case with k = 1, the behavior of the solution was discussed in details in [28] . 
For all topological cases when m > A ′ , we see that the function f (r) tends to −∞ near r = 0 and +∞ when r → +∞. Therefore the behavior of f (r) describes the Schwarzschild type black hole. If 
Different from the case of D = 4, the term b ′ Q r is very large for small r, so that f A ′ → −∞ near r = 0 and f A ′ → +∞ as r → +∞, provided that b ′ Q > 0. The "marginal" case m = A ′ is characterized by the existence of a spacelike singularity enveloped by a horizon for all different topologies, see 
III. PHASE TRANSITIONS OF D-DIMENSIONAL BORN-INFELD ADS BLACK HOLES A. Phase transitions
In the geometric units G N = = c = k = 1, we interpret the cosmological constant Λ =
as a positive thermodynamic pressure
The black hole mass M can be considered as the enthalpy rather than the internal energy of the gravitational system [26] . In the Born-Infeld case, M should be the function of entropy, pressure, charge, and Born-Infeld coupling coefficient [28] . Moreover, those thermodynamic quantities satisfy the following differential form
where the thermodynamic volume V conjugate to P equals to
B is a quantity conjugate to b and is called the 'Born-Infeld vacuum polarization'
For D = 4, Eq. (21) reduces to [28] B = 2br 3
By scaling argument, we can obtain the generalized Smarr relation for the Born-Infeld AdS black holes in the extended phase space
In four dimensional spacetime, this expression reduces to that described in [28] .
Using Eqs. (9)(19), the equation of state P (V, T ) can be obtained
To compare with the Van der Waals fluid equation in D-dimensions, we can translate the "geo- [27, 28] . We know that the critical point occurs when P = P (v) has an inflection point
Then we can obtain the critical temperature
and the equation for the critical horizon radius r c (specific
where r c denotes the critical value of r + .
For different topological spacetimes, we can investigate the phase structure and P − V criticality in the extended phase space. Obviously the critical temperature T c Eq. (26) When D = 4, the critical point was discussed in details in [28] . Rewriting Eq. (27) with v c = 2r c , we have
where it has one or more positive real roots for r c and displays different phase transitions of four dimensional Born-Infeld AdS black hole. For four dimensions, these results can also be obtained by analyzing the function
which can take positive, zero or negative values depending on the values of b and Q. We summarize real roots of Eq. (29) and the critical points in the TABLE. II [28] .
Born-Infeld AdS black holes
Number of real root x one one three three
Number of critical points one none two one types of BI-AdS BH RN S S S When the spacetime dimension D ≥ 5, it is difficult to give analytical roots of F (r c ) = 0. The number of real roots of Eq. (27) can be decided by examining
Taking D = 5, we have
so that Tc approaches the critical value of 5D and 6D Reissner-Nördstrom black holes [28] . To get more information about the phase transition, we can examine the free energy. For the canonical ensemble, the Gibbs free energy is G = M − T S, which reads
Here r + is understood as the function of pressure and temperature, r + = r + (P, T ), via equation of state Eq. (24) . We plot the change of the free energy G with T for fixed Q and different spacetime dimensions in Fig. 11 , which reveals the existence of "swallow tail" behavior of the free energy G.
The presence of the characteristic "swallow tail" behavior means that the small-large black hole phase transition occurs in the system is of the first order. The coexistence line in the (P, T )-plane describes that two phases share the same Gibbs free energy and temperature during the phase transition, which is plotted in Fig. 12 . Note that this coexistence line looks very similar to the van de Waals liquid-gas system. (24) is dimensional dependence, we will show this does not affect the behavior of the critical exponents. Near the critical point, the critical behavior of van de Waals liquid-gas system can be characterized by the following critical exponents [27] The isothermal compressibility can be computed as
which indicates that the critical exponent γ = 1. In addition, we obtain the shape of the critical isotherm t = 0,
It is easy to check that these critical exponents satisfy the following thermodynamic scaling laws α + 2β + γ = 2, α + β(1 + δ) = 2, γ(1 + δ) = (2 − α)(δ − 1), γ = β(δ − 1).
Therefore these thermodynamic exponents for the higher dimensional Born-Infeld AdS black holes coincide with those of the Van de Waals fluid [27] , and also take the same values in the (higher dimensional) Maxwell case [28] .
B. Phase transition of three dimensional Born-Infeld AdS black hole
We extend our investigate to the three dimensional Born-Infeld black holes. The metric is given by [42, 43] 
The temperature of black hole is T = 
According to Eq. (25), one can find that such an equation does not admit any inflection point.
Hence the three dimensional Born-Infeld black hole does not exhibit any critical behavior. This situation agrees with the finding in three-dimensional BTZ black hole [28] and three-dimensional black hole with scalar field [31] .
IV. CLOSING REMARKS
In this paper we have studied the thermodynamic behaviors of D-dimensional Born-Infeld AdS black holes in an extended phase space by treating the cosmological constant and the maximal field strength b and their conjugate quantities as thermodynamic variables, respectively. We have written out the equations of state and examined the phase structures by using the standard thermodynamic techniques. We have shown that systems with dimensions higher than four admit a first order smalllarge black hole phase transition which resembles the liquid-gas phase transition in fluids. We have not found the reentrant phase transition, which was observed in four-dimensional Born-Infeld AdS black holes, for higher-dimensional spacetimes. In addition, in the three dimensional Born-Infeld
AdS black hole, we have shown that there does not exist any critical phenomena. This agrees with the findings in other three-dimensional AdS black holes.
